ON ESTIMATES OF THE SOLUTIONS OF SYSTEMS OF

DIFFERENTIAL EQUATIONS OF THE ACCUMULATION

OF DISTURBANCES AND THE STABILITY OF MOTION
OVER A FINITE TIME INTERVAL

(OB OTSENKAKH RESHENII SISTEM DIFFERENTSIAL’ NYKRH
URAVNENII NAKOPLENII VOZMUSHCHENIIA I
USTOICHIVOSTI DVIZHENIIA NA KONECHNOM

INTERVALE VREMENI)

PMM Vol.23, No.4, 1959, pp. 640-649

CHZHAN SY-IN
(Moscow-Shen’ ian)

(Recetved 12 February 1959)

Problems on the stability of motion over a finite time interval are based
on the estimates of the solutions of systems of differential equations.
In this paper there is given a method for estimating the solutions in
certain cases. The conditions for stability are also determined.

1. Linear system. Let us consider the system
dx ,
d: = pa (1) 2, de e ot Pen(t) xn (s=1,...,n) (1.1)

Here psr(t) 1s a real, bounded, continuous function of time t. The
characteristic equation of (1.1) has the form:

Ipsr(t) _Bsr"‘l =0

Let us suppose that this equation has simple roots only. Of these
roots, let there be m real ones x.(t) (j = 1, ..., m) and 20 complex

ones Ai(t) + ui(t) V-1G=m+1, ..., n~0). As is well known, there
exists a linear nonsingular transformation with variable coefficients

Ys = A5y (1) Ty + ++ - F-0en (1) Ty (s=1,...,n) lag,(t}|=£0 (1.2)
and an inverse transformation

Ts =bey () Y1+ -+ bsn () Yn s=1,...,n) [bg (1) 550 (1.3)

with the aid of which the system (1.1) can be reduced to the canonical
form

920
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dy;

d—,’=w,~+05 G=1....m

dy; — ) ] ] . (1 4)

at 1yi_‘y'1yc+z+01 (i=m+41,...,n—a) 1.
dyu+i

o= NYoti + ti¥i + Goti

Here the Qs(s = 1, ..., n) are linear combinations of the variables
¥, with known coefficients, depending on the coefficients of the trans-
formations (1.2) and (1.3).

let us consider the function
V= (g 4y (1.5)

where a(t) and its derivative are real bounded (in some region) con-
tinuous functions. The function a(t) is still undetermined.

The derivative dV/dt can be found on the basis of (1.4) in the form

%:i = e [Z 2g—a)yt+ D (=) E + Yord) + 2 2ysQa] (1.6)
j=1 i=m41 8=1

We denote the function occurring within the brackets by
H =2 hiyys = ki’ — 0) yays (hii = é;) (1.7)
ij i,

In order that dV/dt < 0, the quadratic form H has to be non-positive.
The characteristic equation of this fom 1is

|hi” — 85 (2" +p)| =0 (1.8)
Therefore, we may write
H =pf® 4+ pnbn® (1.9)
where p., ..., p, are the roots of the equation (1.8). We introduce the
notation a’-+ p = — /. Then equation (1.8) takes on the form
| hij* 4+ 89| =0 (1.10)
Let yr,, ..., ¥ be the roots of this equation. Then equation (1.9) can

be rewritten in the form
H=(—p—a)0 "+ +(—dn—a)t’
The form H will be non-positive if
— ¢ —a’ <0 (1.11)
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where 7, is the smallest one of the roots ¢, ..., ¥, of equation (1.10).
From (1.11) we obtain

—a(t) <S G (t)dt + C (1.12)
where C is an arbitrary constant.

Under condition (1.12) the derivative dV/dt £ 0, and, hence,
V<V, (1.13)

Here V, is the value of V when ¢ = t;. Let us substitute (1.12) into
(1.5). Obnously, in view of (1.13), the value of C will be immaterial,
and one may let C = 0. Thus, according to (1.5) we have

V= (52 4+ +yn?) exp | i (1) dt (1.14)
Let us suppose that when t = t;, we have
| Bao | < Zag® 6=1,....n) (1.15)
Then, when t = t;, we have in accordance with (1.2)
[ Yoo = |asi (20) | #10® + - -+ Gen ()} [ Zne”  (s=1,...,n) (1.16)
If t > t,, we have, because of (1.13), the following inequality

W2t 4 vty exp (e (0 AL < (a0 + -+ +v0c®) exp a9t

or

Yt oot Yt < A oxp— S%(a)ds A=pdtdypd)  (117)

From this it follows that
[ys] <A™ exp (——~S<P::(E)de) (e=1,...,n) (1.18)

Finally, in accordance with (1.3), we obtain an estimate of the solu-
tion of the system (1.1):

le‘ ‘/.”bnl(t)l“{“ +|ban t)]]exp (—--S%(E)dE) (s==1,...,n)
(1.19)

In order to satisfy, under condition (1.15), the inequality
EAR SN (g=1,...,m) (1.20)

for all t in the interval t, t< T, where xso, T are given numbers, it
is sufficient that
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Lh<t<T

g
A (b () -+ b exp(— | d@ dt )<zt (P5/ST)) )
te

This is the condition of stability of the motion during the finite
time interval [to, T1.

2. System with slowly changing coefficients. In this case the
coefficients of the system (1.1) have the form

Por (t) = Cor + fer () (s, r=1,...,n) (2.1)

where C _ are constants, ¢ is a sufficiently small number and f _ are
bounded functions. The system (1.1) in this case takes on the form

dz,

i = CqZy + -+ + Con®Ta + e (fs1 + -+ - +fonTn) (s=1,...,n) (2.2)

We introduce the nonsingular linear transformation with constant co-
efficients

Ys = Gy %y ++ « « +AenTn (s=1,...,n) (2.3)
The inverse transformation
Ty = bgyy +++ + +benYn s=1,...,n) (2.4)
will be nonsingular also.

Let us consider the following cases.

1. The roots of the equation
[Cor — 8k | =0 (2.5)
are simple and real.

In this case the system (2.2) can be reduced with the aid of the trans-
formation (2.3) to the form

dy, .
‘a‘— = sys+ 505 (Ql =2/ﬂ‘(bklyl +' "+bknyn)) (3:1.--- ,n) (26)

k
Let us consider the function

V=eauliy? f...peonllly (2.7)

Here al(t), cee,s a"(t) and their derivatives are real, bounded {(in
some region) and continuous functions. We compute dV/dt. In view of (2.6)

we obtain

dV ’ —Q. ’
T = e O (—oy’ 4 20) g - e T (— o’ 4 20) ya?) +

+ e [e2y,Q1 +- - - e 0 2y,04) (2.8)
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Since the quantity ¢ is assumed to be sufficiently small, and the
function in the square bracket is bounded, the sign of dV/dt will be de-
finite. If

—ay 20 <0 Gs=1,..., n) (2.9)
then dV/dt < 0. The condition (2.9) can be expressed in the form
—a ()< —20—8 (B3>0 (s=1,..., n) (2.10)
Integrating this, one obtains
— ot (8) < — 2het — Ot - C (s=1,..., n) (2.11)

Here the arbitrary constants G can be assumed to be zero (analogous
to Section 1).

In accordance with (2.11) it is now seen that (2.7) can be written
in the form

V = bt (e=Muly® 4o e 2 (2.12)

Herein we shall have V < V,, or (assuming for the sake of simplicity
that t, = 0)

e=d (e=hty . .. eyt < (gt e yh) = 4
Whence
v < Al Qe FOD _ St g ghg t =1 ) (2.13)

Finally, we obtain an estimate for the solutions of the system (2.2):

|2 | < €AV ]| by € 4+ -4 | ban| €M ] (s=1,...,n) (2.14)
The condition of stability will be (2.15)
el/:slAl/z[Ib81|e7ut+...+Ibsn‘elnt1<xso (t0<t<T) (S=1 ,,,,, n)

2. The equation (2.5) has m simple real roots /\j(j =1, ..., m) and
20 simple complex roots A, +p. V- 1(k=m+ 1, ..., n-o).

In this case the canonical form of the system (2.2) will be

dy -
d_ytj. = .\jyj -+ SQ]' G=1,..., m) (216)

dy,
d—zl = NYi — Miloti -+ Qi
(i=m+1,...,n—0)

dya i
d¢+ = NYoti -+ Wili + eQoi
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Let us consider the function
n—o

Vee®Wye g pem@y 2t S e 0@ +yip)  (217)

i=m41
On the basis of (2.16), the derivative dV/dt can be written as

W eO (—af + 205+

J-
+ Z e D (—ay + 2M) (¥ + Yori) + € D) 2. Qs (2.18)
i=m+1 —
If the conditions
—af () +20<0  (j=4,....m)
—ai' (1) + 24 <0 (i=m+1,...,0—0) (2.19)

are satisfied, then dV/dt < 0 and, hence, V< V.

Analogous to case 1, the function V can be represented in the form

n—o

V= _St I'S'\ —2)\1 t Y + 2 6—2)‘1 t (y + yo+t)] (2.20)

j= i=m+1

Since V < V,, we have (under the assumption that t; = 0)

e-—St [Z —2X; ly + Z e—2)\1t(y + yo+1)] < 2 yso = A (2.21)
j=1 i=m-1 8==1

Finally, on the basis of (2.21), we obtain
[y;] < e a%ehit (G=1,....m) (2.22)
[y < e aTeht yap| <e®M A% (i—mit,. . n—0)
and, hence, in accordance with (2.4),

|x8‘<eilzﬁlA1/;[leIIe)\lt+”'_{_lbsmlelmt
| bempr | € e bl e=1,..m)  (2.23)

Thus, the condition of stability will be

e!/zstAl/1[|b81‘ellt+... +‘bsm‘elmt+
A | Bemar [ o (b€ S (oStEST) (5=1,. .., 0) (2.24)

The investigation of the case of multiple roots can be carried out in
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a similar way.

3. System with continuously acting disturbances. In this case
the equations of motion for the system are

X
= Pa@t o Fpa@Tt R (s=1,....n) (1)

Here the functions R describe continuously acting disturbances. In
what follows we shall consider two cases:

IR\ <R (1) (s=1,...,n) (3.2)
‘R‘\ (s=1,...,n) (3.3)

where the Rso(t) are known functions and the ! are constants.

Let us estimate the solutions of the system (3.1). As is well known,
the general solution of the system (3.1) has the form:

x.* = Zs -+ Uy (s=1,..., n} (3-4)

Here x_ is the complementary function of the homogeneous equation
(1.1), while u_ is the particular integral of system (3.1). An estimate
of x is glven in Section 1. Therefore, we shall look for an estimate of

us.

Letx( ) vy ( ) (I1=1 ..., n) be a fundamental system of solu-
tions of the homogeneous equation, where for t = ¢,

1 =
20)={o Gn (3.5)

By Lagrange’s method, a particular solution of the system (3.1) will
be

n ¢ n
u=3 a0 D—‘(;-)- S Du@Ri(ds  (s=1,...,n)  (3.6)
ima) Te=dy =1
Here D = det || x, ]] while D;; is the minor of xl( i) with the proper
sign. One may rewrite (3 6) in the form
n ! P&
ty= 3! S 5y 2 O Dul) R (2) de (3.7)
l==] =t i=1

let us introduce the symbol Zs“) (¢, 7):
ZOEY) = 5o REOODE)  @i=tim)  (38)
=1

It is not difficult to prove that the functions Zs( D t, r) constitute
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a fundamental system of solutions of the homogeneous equation.

Indeed, from (3.8) it is seen that the Z s( 1) are linear combinations
of the solutions xs{ 1) with the coefficients Bli(r )/D{(r ). Furthermore,
from (3.8) it follows that when t = 7 and t = t;, we have

I A o B LW (I Y B

Therefore, we have the following estimates for Z s( D in accordance

with (1.19):
t
|z,<n\gA‘/'[Ib,l(t)l+~-'+Ibm(t)lleXP(“-'—ifS% (E)dE) (g=1,...,n) (3.10)
t

which are obtained with the aid of a nonsingular linear transformation
Y = ay () 2O (8, 1) + -+ + @ () ZoW(E,7)  (Ls=1,...,n) (3.11)
and the inverse transformation
ZWO (D) = by () 1O 4+ + b () ya®  (Ls=14,...,n) (3.12)

2 2 .
From this it can be se?t%)t,hat A= ygé) + e + y&é) . But according

to (3.9) and (3.11) the y '/ are given as

¥ =au (to), ...,y =au(ts) (=1...,n) (3.13)
Therefore, we have

YOy =ad ) F e ek (8 KAy, (=1,...,n)  (3.14)

where n n
Apmax = max{z s’ (L), .. s 2 on® (to)}

=1 8==]

Hence, from (3.10) we obtain

t
| 20| < Alfax U b ()] + -+ + 1 ban (8) | Texp — +-{ 4 () & = 2,7 (1)
t

(s=1,...,n) (3.15)
We note that in the particular case

‘y.om\ <lylo" or lzlo(x)‘<‘$;o‘ (3.16)

the inequalities (1.19) are valid for the estimates of |Z,(!)].
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let us return to (3.7). Because of (3.8) we have

n I
w=3 S ZW (¢, %) R, (z) de (s=1,...,n) (3.17)

Im=] vty

By Holder's inequality we have

] us! Z { Zs(l) (t,‘t) \Pd‘r}lm{ § |Rz () |a d‘c}m (s=1,...,n) (3_18)

l=] v==t, Taxly

8

P TN

Here

By (3.2) we have

i t

{ 1R@ee< | Re@)de

=1, ==ty
Therefore, in accordance with (3.15), we obtain

L
)?

P | << 2ot (2) (E—1,) (Rﬁ(t))th}‘T s=1,...,n) (3.19)

I! e

> 2{
For the case of (2.3) we have

LR A GRES N s=1....n) (3.20)

=1

The final estimates of the complementary functions of system (3.1)
can be found from (1.19), (3.15) and (3.19) in the form

2 | <Uba(®) |+ -+ + | b ()1 {A" + At — 27 X

1E£51 =ty

. 2{ S (R (7)) } }exp(_‘_;"‘gi’k(E)dE):xa” (s==1,...,n) (3.21)

The conditions of stability are
%" <Ly (s=1,...,n) (tosst<T) (3.22)

In the case when the coefficients change slowly, i.e. when (2.1) holds,
we can use the results of Section 2 for the estimates of X, and thus
obtain the corresponding estimates for |x *|.

4. Nonlinear system. Let us consider the sytem
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dx

T:=Ps1(t)131+"'+l’sn(t)xn+ X (s=1,...,n) (4.1)
where X_ = X (t, Xyo oeees X, ) are holomorphic functions of the variables
Xy s X whose expan510n in terms of these variables begin with terms

of degree not lower than the second; the coefficients of powers of x_ are
real, continuous, bounded function of t.

If the roots of the characteristic equation of the first approximation
of system (4.1) coincide with the roots of the characteristic equation of
Section 1, one can reduce the system (4.1) with the aid of the transform-
ation (1.2) and (1.3) to the form

dy.

.d—;;—xjyj-‘—Q"—f—Yj (i=1...,m)
dy.
—d—yf = Ny — pilfoti + Qi + Y (4.2)

dy
;t+1 = ANYati T 0¥i+ Qopi+Yori (i=m+1,...,n—0)

l:lere Yo=a X + ..o+ a X, (s =1, ..., n) and Q_ have the same mean-
ing as in Section 1.

If we restrict the discussion to the region
t>t,, AR/ (s=1,...,n) (4.3)

where h is sufficiently small, then we obtain the same estimates as (1.19),
since, 1in this case the sign of dV/dt does not depend on the terms con-
taining Y . If, furthermore, the initial disturbances (1.15) are suffi-
ciently small then the condltlons of stability (1.20) will be valid also
for system (4.1).

5. Examples. let us consider the system

d 1 .
d_ztl =(—-—2-+ ca cos2t):c1 + (1 —ecasin2t) z,

dzy (5.1)

T =(—1—ceasin2t)z, + (———;—-—ea cos 2t) Ty

Here, a is some positive number, ¢ is a parameter. We are given the
following conditions

j 210 | < 220% | %o | < 720" when =1

|z [ < 20°, |#3| <z,° when t lies in interval [ tO,T]
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where T is a given small number. Let us find the conditions of stability
Suppose t;, = 0. In this case we have

dzy

dt

dzz

5 = —y (—-—%—-—m)zg—-easin%z; + ea (1 —eo82t) xs

(— —;— + ea)x; + 23 + ea (1 ~— cos 2t) 1 — (ea sin 2t) z,.
(5.2}

If T and ¢ are very small, the investigation can be carried out in a
manner analogous to that of Section 2.

If {ea)? < 1, the equation

(——é—+sa —x !
=0 (5.3)
(i a)
2
has the roots
141=———;-+i 1 — (ea)?, xz=—%-—iV1—(sa)3

In this case we have the transformations:

Y1 = eaz; + ¥, ya=V1—(ea)iz,

Y2 ca
. - R 5.5
T YT (ear 7 )

By means of these transformations we reduce the system (5.2) to the
form

(5.4)

d: 1

d_y;_ =— g n—V1—(a)y+:cQ

dys 1 ) (5.6)
=TTt V1—(ea)®y: + £Qq

Let us consider the function V= e~ @(t) (y12 + yzz). According to
(2.22) and (2.24) we have — a’{t) - 1< 0, and

e et (12 4 ya®) < yae? + Yao? (5.7

Here 8t is very small. Therefore, one may consider edt L1, By (5.4)
we have

[ 90 <<l ea | 210° + 220°, sl < | V1 —(ea)?| 210°

From this and from (5.7) it follows that

et (1% + ¥2?) < (2160 + 2] €0 | 210°Z20° + 22°%)
The last inequality yields the estimates:
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lya] < €t (216°0 + 2| €8 | 210° Za0® + 220°H)e
lys] <&t (230" + 2| 20 | 210°700° + 220°%)"

Because of (5.5) we have
el (230 + 2| €6 | 210°Tn” + TN 1 =2,

< —
b=l < = (e "l

ki )e'-'/’ (21098 + 2] €a | 210°220° + 790" * = 24

‘z’l<(1+|—71—:_?(_f)’l

The conditions of stability will be
(to<t<T)

n*<z° z* < 7°
Thus, for example, 1if
Zloo = 1, xgoo = 1; zl" = 2, 23° =2

1/2, the conditions of stability will be fulfilled

then, if |ea| <
2. An example of B.V. Bulgakov’s. Bulgakov evaluated the "accumulated

disturbances" of a system with variable coefficients by his own method
on the basis of three systems with constant coefficients:

"Z‘; = 0.6, + 2.723 + Ry, ‘-i;T“‘ = —1.5z; — x5 + Ry on [0,4] (5.8)
B 433004 R, B 9m—dnt Raon BT (G9)
dzl =0, 91‘1 o 3. 8$2 + R], "—ffT" = — 2.421— i.iz, + R’ on [7.10] (5.10)

(| R1| <1 = const, | Ry | << Iy = const)

Here, when t, = 0, we have X = 1, X0 = 0.
It is required to estimate x, when t = 10. Bulgakov obtained the result
2,<0.1362 + 3.87771, + 5.76201, (5.11)

For the sake of simplicity we consider in place of the systems (5.8)
(5.9) and (5.10) a single system in the interval [1,10] :
dz, /dt = 0.82; + 3.21z3 + Ry, dxy /dt = —1.892, — 1182, + R, (5.12)
The characteristic equation of the system (3.12) will be

08 —x 320 |_,
—1.89 —148—x%| ™

It has the roots x = - 0.19 + i 2.25
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The direct and inverse linear transformations are respectively

0.99 2.25 3.2 .
Yi= g @1t 2, Y2 oo, $1=2'—22y2, -’t2=y1—%—:-:yz
The estimates for |y, | and |y, | will be
lyl l < e—O-le (ymz + y202)0-5 — 8—0.19!-0.766 I Ya I < 6_0'1910.766

Yhen t = 10, we have

3.21 _
|1 | < 5ge €190.766 = 0.162

Let us find the estimate of the particular integral u, of system
(5.12). For the fundamental system of solutions we have the following
initial conditions:

Wt =0 o0 -
From this and from equation (3.14) we obtain
(y%)’ + y.gf,)')l/' — 0.766, <y%)t + ygg): )1 =1
Therefore

l ull = ggé 6_1'9 -1.10 (ll + 12) = 2.1211 + 21213

Finally we obtain
|21* | < 0.162 4 2.121; + 2.1214 (5.13)

This expression (5.13) can be compared with (5.11).

In conclusion, the author expresses sincere gratitude to N.G. Chetaev
for directing this work.
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