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Problems on the stability of motion over a finite time interval are based 

on the estimates of the solutions of systems of differential equations. 

In this paper there is given a method for estimating the solutions in 

certain cases. The conditions for stability are also determined. 

1. Linear system. Let us consider the system 

% 
- = ps1 (t) 51 i - - * + pm (t) &I dt 

(s=1,. ,n) (1.1) 

Here p,,(t) is a real, hounded, continuous function of time t. The 
characteristic equation of (1.1) has the form: 

I Per (Q - h,x 1 = 0 

Let us suppose that this equation has simple roots only. Of these 

roots, let there be m real ones rj( t ) (j = 1, . . . , m) and 2a complex 

ones Ai(t) * pi(t) d- 1 (i = m+ 1, . . . . R- D). As is well known, there 

exists a linear nonsingular transformation with variable coefficients 

y, = c3, (Q Xl + * * * +%I (t) 5, 

and au inverse transformation 

(s=l,...,n) I asT (t: I #O (1.2) 

T3 = hl (t) y1 + * * - + b9n (t) yn (s-l,...,n) I b,, (t) I#-0 (1.3) 

with the aid of which the system (1.1) can be reduced to the canonical 

form 

920 
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dy. 3 = ~jyj + Qj 
dt 

dYi 
- = hiyi - piyo+i + Qi dt 

dYo+i 
- = hiya+i + piyi + Qo+i dt 

Here the Q,(s = 1, . . . . n) are linear combinations of the variables 

y, with known coefficients, depending on the coefficients of the trans- 

formations (1.2) and (1.3). 

Let us consider the function 

I' = e-a(t) (yi2 + . . .+y,") (I.51 

where a(t) and its derivative are real bounded (in some region) con- 

tinuous functions. The function a(t) is still undetermined. 

The derivative dV/dt can be found on the basis of (1.4) in the form 

dV 

t= 
e-a(t) 

We denote 

[g (2xj--‘)yj2+ y (hi-a’)(~? fYo+i2)+ i 2ylQa] (l-6) 

j=l i= m+l Cl==1 

the function occurring within the brackets by 

H = 2 hijyiyj = x(hij* - 6ija’) yiyj 
i,j i, i 

(1.7) 

In order that dV/dt< 0, the quadratic form H has to be non-positive. 
lhe characteristic equation of this fonn is 

1 hij’ - 6ij (a’ f p) 1 = 0 (1.8) 

Therefore, we may write 

H = pJ12 +a - -+ p&t2 (1.9) 

where pl, . . . . p, are the roots of the equation (1.8). We introduce the 
notation a’. + p = - +. lh en equation (1.8) takes on the form 

1 hij’ + Sij$I = 0 (1.10) 

Let l/f,, . ..) V’J, be the roots of this equation. Then equation (1.9) can 
be rewritten in the form 

H = (---+I -a')E12 f.. . + (-+~,,-a')~,,~ 

'Ihe form H will be non-positive if 

- +k - a’ < 0 (1.11) 
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where $k is the smallest one of the roots &, . l * ( 
From (1.11) we obtain 

\bn of equation (1.10). 

where C is an arbitrary constant. 

Ulder condition (1.12) the derivative a/&,< 0, and, hence, 

KV, (1.13) 

Here V. is the value of V when t = tO. Let us substitute (1.12) into 
(1.5). Obviously, in view of (1.131, the value of C will be imnaterial, 
and one may let C= 0. 'Ears, according to (1.5) we have 

v = (y,Z + * * * +ha) exp \ 4~ (4 dt (1.14) 

let us suppose that when t = to, we have 

l%f\(~~: (s==i,...,n) 

I?-ien, when t = top we have in accordance with (1.2) 

Iy80i==(~81(~*~]~,0°+~“+I~sn(~*~l~no0 b=i,...,n) 

(1.15) 

(1.16) 

If t > to, we have, because of (1.131, the following inequality 

(1.18) 

Finally, in accordance with (1.3), we obtain an estimate of the solu- 
tion of the system (1.1): * 

In order to satisfy, under condition (1.15), the inequality 

1%l<&" (S==f,...,#S) (1.20) 

for all t in the interval to\< t& T, where xdO, T are given numbers, it 
is sufficient that 
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A”‘[lb.,(t)I+.~.+b,,(t),lerp(-_:i +dE)dE)~x~O (::;,“T,> (la21) . 
4 

This is the condition of stability of the motion during the finite 

time interval I tO, Tl . 

2. System with slowly changing coefficients. In this case the 

coefficients of the system (1.1) have the form 

Psr (t) = Gr + sflrr (q (8, r = 1,. . . , n) (2-l) 

where C,, are constants, c is a sufficiently small number and f,, are 
bounded functions. ‘lhe system (1.1) in this case takes on the form 

(8 = 1, . . . , n) P-2) 

We introduce the nonsingular linear transformation with constant co- 

efficients 

YS = a,p, +* * a +asnxn (8 = 1, . . . , s) (2.3) 

The inverse transformation 

x8 = bay, + - e 0 +Lyn (8=2,...,1() (2.4) 

will be nonsingular also. 

Let us consider the following cases. 

1. lhe roots of the equation 

I cm - %J 1 = 0 (2.5) 

are sinple and real. 

In this case the system (2.2) can be reduced with the aid of the trans- 
formation (2.3) to the form 

dY.¶ - = h,y, + EQ~ dt (QI=~~rr(bk,y,+...+bxnY~) (s=l,...,n) (2.6) 

Let US consider the function 

V = e-W)y12 + . .,. +e-an(f)yn2 (2.7) 

Here a, (t), . . . , a_(t ) and their derivatives are real, bounded (in 
some regi&) and contqnuous functions. We compute dV/dt. 

we obtain 

dv - = {e-%(t) (- aI’ + 2h,) y12 + . . . . +e-“n(‘) (- h’ + 
dt 

+ E [e-=1(')2y,Q, +. . . $e-a"(L)2y,,Q,] 

In view of (2.6) 

2&L) Yn21 + 

(2.8) 
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Since the quantity E is assumed to be sufficiently small, and the 

function in the square bracket is bounded, the sign of dV/dt will be de- 

finite. If 

- as’ + 2& < 0 (s=l,...,n) P-9) 

then dV/dt < 0. ‘Ihe condition (2.9) can be expressed in the form 

-a,'(t)< - 2h, - 6 !S >O) (s=l,...,n) (2.16) 

Integrating this, one obtains 

-a,(t)<--2&t- 6t -/- C, (s= 1,. . . ,n) (2.11) 

Here the arbitrary constants CS can be assumed to be zero (analogous 

to Section 1). 

In accordance with (2.11) it is now seen that (2.7) can be written 

in the form 

J/ = (+t (e-2hlty12 + . . . ++J y,“) (2.12) 

Herein we shall have V < Vo, or (assuming for the sake of simplicity 

that t0 = 0) 

@t (e-2hlty12 + . . . +e-2hJ y,“) < (zJlo” + * * * + pi()) = A 

Whence 

IYsl<A 
%&+~/2)t = e'/lstA'/teh" t (s = 1, . . . , n) (2.13) 

Finally, we obtain an estimate for the solutions of the system (2.2): 

) z8 1 < ;IZSfA”’ [) b,, 1 qA1’ + . . - + 1 b,, 1 eAnt ] (8 = 1, . . . , n) (2.14) 

'Ihe condition of stability will be (2.15) 

e"fif~"* 1) b,, ( ehif _t . . . + I b,, 1 ehnf 1 < 5,’ (t,\<t\(Tj (s=l,...,n) 

2. 'lhe equation (2.5) has m simple real roots Xj(j = 1, . . . . n) and 

2usimplecomplexrootshi*~i~-1(k=m+1,...,n-a). 

In this case the canonical form of the system (2.2) will be 

dYj = xjyj + EQ~ 
dt 

(j = 1, . , m) (2.16) 

dYi 
- = Aiyi - piyo+i + EQ~ 
dt 

dycx+i 
(i=m+l,...,n-0) 

- = Qo+i + PiYi + EQo+i 
dt 
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Let us consider the function 
n-0 

I' = c--ai(f) y,2 + . . . + evamct) y,,,2 + z evai”) (yt + y~+i) (2.1’7) 

i=m+1 

On the basis of (2.16), the derivative dV/dt can be written as 

g = 5 eT(') ( -Uj’ + 2hj) yj2 + 

j- 1 
R--O 

+P -“i (‘) (- ai + 2h) (yi” + yi+i) + E fJ 2y, Q8 (2.18) 

i=m+1 s=1 

If the conditions 

- aj’ (t) + 2hj < 0 (j=i,...,rn) 

-u{(t)+2h(<O (i=m+l,...,n--a) (2.19) 

are satisfied, then dV/dt < 0 and, hence, V< Vo. 

Analogous to case 1, the function V can be represented in the foxm 

v = e-st i e-ahj t yj2 + I nia e-2Ai t (Yi2 + Y2,+i)l (2.20) 

-j=l i=m+1 

Since V < Vo, we have (under the assumption that to = 0) 

m n---a 
--St 

e 
D 

e -“i ’ yja + 2 eszhi t (yi2 + y~+i)] < i yso2 5 A (2.21) 

j=l i=m+l 831 

Finally, on the basis of (2.21), we obtain 

1 yj 1 < e% iit A’12 ,% * (i = 1,. . . , m) (2.22) 

, yi 1 < if’ 6t A” $ t , 
\ ya+i 1 < e 

% 61 A1fzeli (t) 
(i=m+i,...,n--0) 

and, hence, in accordance with (2.4), 

Ix,l<e lfz 6t AIf’ [ 1 b,, 1 e’l’ + . . - + 1 b,, 1 exm’ + 

+Ib.m+llehm+lt +.-- + Ibsn\eh”-“tI (s = 1, . . . , n) (2.23) 

Thus, the condition of stability will be 

~fzs’A’f~[(~,,~eh~‘+ .-. +Ib,,\e’mtf 

+ I blmfl 1 ehm+l t + . . - + 1 b,, I ehn- ‘] <x; (to < t < T) (s = 1, . . . , n) (2.24) 

The investigation of the case of mltiple roots cau be carried out in 
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a similar way. 

3. System with continuously acting disturbances. In this case 

the equations of motion for the system are 

dx 
--S=psl(o%+- i-psn(t)%+$-R, dt 

(s = 1, . . . t n) (3.1) 

Here the functions Rs describe continuously acting disturbances. In 

what follows we shall consider tv.n cases: 

IRK&W (s = 1,. * * , n) P.2) 

I & I< 4 (s=1,..,,n) (3.3) 

where the RS’ (L) are known functions and the ES are constants. 

Let us estimate the solutions of the system (3.1). As is well known, 

the general solution of the system (3.1) has the form: 

x,* - z, -+- u, (S=i,*..,n) (3.4) 

Here .xS is the complementary function of the homogeneous equation 

(Ll), while u is the particular integral of system (3.1). An estimate 

of xS is givensin Section 1. Therefore, we shall look for an estimate of 

u** 

Let x,(‘), .,., x_(l) (t = 1, . . . . n) be a fundamental system of sofu- 

t ions of&the homogenZous equation, where for t = t0 

By 
be 

Lagrange’s method, a particular solution of the system (3.1) will 

(3.5) 

Here D = det 11 rS( ‘)[I , while Dii is the minor of xl{ i, with the p;roper 

sign. Che may rewrite (3.6) in the form 

a f 
u* = 1 

2s 
I=1 7=to 

& 3 S”(t) D{i(T) RI (r) C&Z (3.7 1 
i=l 

Let us introduce the symbol ZS( ‘) (t, r ): 

z,(yt,g = &) i aw~~i(~) (s,& = I,...,?&) WV 

i=l 

It is not difficult to prove that the functions Zlf ‘) ( t, r) constitute 
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a fundamental system of solutions of the hormgeneous equation. 

Indeed, from (3.13).it is seen that the Z_f ') are linear combinations 

of the solutions x t '1 with the 

from (3.8) it follkvs that when 

c0efficient.G Dli(r )/D(r ). Furthermore, 

t=r andt= tQS wehave 

lherefore, we have the following estimates for .ZS(') in accordance 

with (1.19): 

which are obtained with the aid of a nonsingular linear transfomation 

yp = a,l(t)Zp)(t,T)+ - * - + a‘,(t)Zn(*)(t,r) (l,a= I,..,,n) (3.11) 

and the inverse transformation 

2qZ) (t, 7) = b,,(t) y1(‘) + * * - + 68, (t) y,(r) (I, 8 = 1, * 0 . , n) (3.12) 

From this it can be seyrx,thai ",;~ihr + . . . + y!:‘“. Eut according 
to (3.9) and (3.11) the yS 

Y$ = %z (Q, - . * ,?I$ = ~~Z(~~) (I = i, . * . , n) (3.13) 

Iherefore, we have 

where n 

A max = max (2 hl2 (Ql * * * I i 4@*)} 
r=1 0=1 

Hence, from (3.10) we obtain 

Izs(z)\\<A~,,I!b,,(t)\+ ..'+l~*,(t)llex~--:f~~(F)dE=~~*(~) 

(3.15) 
ta 

(8 = 1,. . . , n) 

We note that in the particular 

I Y‘O”’ \ < I Y‘O I* 

case 

or 

the inequalities (1.19) are valid for the 

pJs*(‘+q%0l 

estimates of 1.2 (“I. I 

(3.16) 
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Iet us return to (3.7). Because of (3.8) we have 

U* =i s Z~(~~(~,~)~~(~)~~ @=I,...,n) 

l==lT4. 

By Holderrs inequality we have 

(s==1,. 

Here 

F> 1, $+$=1 

By (3.2) we have 

i \+%(qd~< i (W(W~~ 
+=to r==t, 

merefore, in accordance with (3.151, we obtain 

For the case of (2.3) we have 

~~~/~z,*(t)(t--t*)~ t1 (s=L...,n) 
I=1 

(3.20) 

The final estimates of the complementary functions of system (3.1) 

can be found from (1.191, (3.15) and (3.191 in the form 

The conditions of stability are 

x:* \ <X so (8 = 1, . . . , n) (Co 6i t c n (3.22) 

fn the case when the coefficients change slowly, i.e. when (2.1) holds, 
we can use the results of Section 2 for the estimates of xSS and thus 

obtain the corresponding estimates for /x,*1. 

4. Nonlinear system. Let us consider the sytem 
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(5 = 1,. . . ( n) (4.1) 

where Xs = Xs(t, x1, . . . . nn) are holomorphic functions of the variables 

"1, **a, xn whose expansion in terms of these variables begin with terms 

of degree not lower than the second; the coefficients of powers of xs are 

real, continuous, bounded function of t. 

If the roots of the characteristic equation of the first approximation 

of system (4.1) coincide with the roots of the characteristic equation of 

Section 1, one can reduce the system (4.1) with the aid of the transform- 

ation (1.2) and (1.3) to the form 

dy. 
3 = xiyi + Qi + Yi 
dt 

2 = hiyi - piya+i + Qi + Yi 

‘2 = Q/a+i + piyi + Qa+i +Yo+i (i=m+i,...,n-0) 

(4.2) 

Here Ys = aslX1 + . . . + asnxn (s = 1, . ..) n) and Q, have the same mean- 

ing as in Section 1. 

If we restrict the discussion to the region 

t>/t,* IxA\<h (s = 1, . . ..n) (4.3) 

where h is sufficiently small, then we obtain the same estimates as (1.191, 

since, in this case the sign of dV/dt does not depend on the terms con- 
taining Ys. If, furthermore, the initial disturbances (1.15) are suffi- 

ciently small then the conditions of stability (1.20) will be valid also 

for system (4.1). 

5. Examples. Let us consider the system 

dxl 
z= ( - + + cu co9 2t) x1 + (1 - EU sin 2t) x2 

dxs 
z=(-i-casin2t)x1 + 

( 
-+-cacos2t)zl 

(5.1) 

Here, a is some positive number, c is a parameter. We are given the 

following conditions 

I x10 I G XIOOI I xao I < %oO when t-to 

InI < ZlOI I % I < 2z" when t lies in interval [ to, T] 
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where 7’ is a given small number. Let us find the conditions of stability. 

Suppose to = 0. In this case we have 

dxr 
;i;i= ( 

- + + ,,>x, + q + cu (I - cos 2r) 21 - (ca sin 2t) x2. 

&x2 
(5.2) 

-$=---I&- 
( 

f 
--Z-es xr 

> 
-eEasin2tx~+~a(l--eos2t)x~ 

If T and 6 are very snail, the investigation can be carried out in a 
manner analogous to that of Section 2. 

If (~a>~ < 1, the equation 

C 
-+ --x 

> 
1 

= 0 
-1 

( 
i 

-T-Es -x > 
has the roots 

%=--$+im2, 
1 ~ 

x*=-,- i VI - (=a)* 
I P 

In this case we have the transformations: 

Yl = =x1 + =a, yz = 1/f - (ea)* 21 

By means of these transformations we reduce the system 

form 

dyl 
-b~--s~z+eQ~ dt=- 2 

dy2 
-=-+YP + ~jby~+aQ~ dt 

(5.3) 

(5.4) 

(5.5) 

(5.2) to the 

(5.6) 

Let us consider the function V = e- a( t, fyi2 + y2* 1. According to 
(2.22) and (2.24) we have - a’(t) - 1 < 0, and 

eWst et (YP + ~2) < YIO* + y22 (5.7) 

Here St is very small. Therefore, one may consider e4’ = 1, By (5.4) 
WT? have 

From this and from (5.7) it follows that 

ei (yl* f f/s") < f%~s + 2 I&4 I~10%0" i- z2a-) 

'Ike last inequality yields the estimates: 
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Because of (5.5) we have 

931 

The conditions of stability will be 

21. s ZlOt 2,’ < z*O (to G t G T) 

Thus, for example, if 

xroo = 1, x*0” = 1; zro = 2, 2,” = 2 

then, if 1~~1 5 l/2, th e conditions of stability will be fulfilled. 

2. An example of B.V. IMgakov’s. Bulgakov evaluated the ” accumulated 
disturbancesn of a system with variable coefficients by his own method 
on the basis of three systems with constant coefficients: 

dzr dt = 0.6~ + 2.75 + Rr, dza 
- - 1.52, - a?$ + R, on IO.41 

Ji- (5.8) 

dzl -=za+3.3z,+R,, dxa 
dt 

- = - 1.9x1- 1.32, + R, on [4.7] 
zit (5.9) 

dx1 
-& = 0.9214 3.829 + R1) dzs - = - 2.4~~ - i.izs + RS on [7.10] dr (5.10) 

(I RrI<Zr=const, ]RaIG~n=const) 

Here, when t0 = 0, we have x19 = 1, r29 = 0. 

It is required to estimate x1 when t = 10. Bulgakov obtained the result 

x1 z& 0.1362 + 3.877711 + 5.76201% (5.11) 

For the sake of simplicity we consider in place of the systems (5.8), 

(5.9) and (5.10) a single system in the interval [ 1,101 : 

dxl / dt = 0.821+ 3.21~~ + R,. dxg / dt = - i .89q - i.lSxa + RI (5.12) 

‘lhe characteristic equation of the system (3.12) will be 

I 

0.8 --x 3.21 
- 1.89 -1.18-k = I 

0 

It has the roots K = - 0.19 f i 2.25. 
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'Ihe direct and inverse linear transformations are respectively 

The estin;lates for Iyl 1 and Iy2 1 will be 

) y1 I ,( e-o-lgt (yla2 + yz02)o.6 = e-o*1g* -0.766 1 y2 1 < ed*lg’0.766 

\%en t = 10, we have 

1 q I< 3.21 2-25 e-l.’ 0.766 = 0.162 

Let us find the estimate of the particular integral u1 of system 

(5.12). For the fundamental system of solutions we have the following 

initial conditions: 

x$ = 1, xg = 0, a$) = 0, xg = 1 

From this and from equation (3.14) we obtain 

(y(l)* 
10 

+ y(')*)'is = 0.766, 
20 

(y@)* + y;“o” 
10 

)” - 1 

Therefore 

[ ~11 ,( is e-lmg .I.10 (El + 12) = 2.1211 + 2.i212 

Finally we obtain 
1 XI* 1 < 0.162 + 2.1211 + 2.1212 (5.13) 

'Ihis expression (5.13) can be compared with (5.11). 

In conclusion, the author expresses sincere gratitude to N.G. Chetaev 

for directing this work. 
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